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Replication via sporulation is the replication strategy for all multicellular life, and may even be observed in
unicellular life �such as with budding yeast�. We consider diploid populations replicating via one of two
possible sporulation mechanisms. �1� Asexual sporulation, whereby adult organisms produce single-celled
diploid spores that grow into adults themselves. �2� Sexual sporulation, whereby adult organisms produce
single-celled diploid spores that divide into haploid gametes. The haploid gametes enter a haploid “pool,”
where they may recombine with other haploids to form a diploid spore that then grows into an adult. We
consider a haploid fusion rate given by second-order reaction kinetics. We work with a simplified model where
the diploid genome consists of only two chromosomes, each of which may be rendered defective with a single
point mutation of the wild-type. We find that the asexual strategy is favored when the rate of spore production
is high compared to the characteristic growth rate from a spore to a reproducing adult. Conversely, the sexual
strategy is favored when the rate of spore production is low compared to the characteristic growth rate from a
spore to a reproducing adult. As the characteristic growth time increases, or as the population density increases,
the critical ratio of spore production rate to organism growth rate at which the asexual strategy overtakes the
sexual one is pushed to higher values. Therefore, the results of this model suggest that, for complex multicel-
lular organisms, sexual replication is favored at high population densities and low growth and sporulation rates.
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I. INTRODUCTION

The emergence of sexual replication as the preferred rep-
lication strategy for complex multicellular organisms is one
of the oldest and most important problems in evolutionary
biology �1�. There are two broad theories for the selective
advantage for sex �1–6�, both of which have more than one
specific version.

The first theory for the selective advantage for sex is the
genetic repair theory, or, in the context of small populations,
the Muller’s Ratchet theory �4,6–10�. The genetic repair
theory holds that sex evolved as a way to remove mutations
from diploid genomes. By reproducing via a haploid inter-
mediate, defective copies of genes can be discarded, and
functional copies of genes can be brought together via hap-
loid fusion.

In the context of finite populations, the genetic repair
theory takes the form of the Muller’s Ratchet theory �7–9�.
Briefly, Muller’s Ratchet is a phenomenon whereby a finite
population will steadily accumulate mutations, and may
eventually go extinct as a result. Sexual replication, by pro-
viding a mechanism to discard defective genes, can slow
down or stop Muller’s Ratchet, and thereby prevent small
populations from going extinct.

The second theory for the selective advantage for sex is
the adaptability theory �11�. This theory, which originates
with Weismann, has two versions: The Vicar of Bray hypoth-
esis, and the Red Queen hypothesis. The Vicar of Bray hy-
pothesis argues that sex increases variability in small popu-

lations, making them more adaptable to changing
circumstances. The name derives from an English cleric who
was known for changing his religion according to circum-
stance �1�. Within the context of the idea that sex increases
variation within a population, it is believed that host-parasite
coevolutionary dynamics drove the emergence of sex �6,11�.
This “arms race” argument for the existence of sex is termed
the Red Queen hypothesis.

While the various theories for sex are not necessarily mu-
tually contradictory, each of them is either incomplete or has
difficulties. The Muller’s Ratchet theory, for example, by re-
lying on a small population size, suggests that sex should
disappear in large populations. It is not immediately clear
that this should be true, however, since many sexual organ-
isms can attain seemingly fairly large population sizes.

The Vicar of Bray and the Red Queen hypotheses rely on
a dynamic environment. However, there are a number of
sexually replicating organisms, such as sharks, crocodiles,
and certain fish such as the coelacanth, that have remained
essentially unevolved over millions of years �or have not
evolved very much when compared with other organismal
lines�, in what appear to be fairly stable environments.
Therefore it is not immediately clear that a dynamic environ-
ment is the main selective pressure driving the emergence of
sex �12–14� �it should be noted that it has recently been
discovered that female sharks are capable of reproducing
without a male, if necessary. However, this does not contra-
dict the assertions of this paragraph, since it is believed that
sharks will resort to asexual reproduction only if there is no
alternative �12��.

The genetic repair theory is the theory with the broadest
acceptance among evolutionary biologists. That being said, it
could be argued that the theory is incomplete because it does*emanuelt@bgu.ac.il
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not explain why sexual replication is disadvantageous in or-
ganisms such as bacteria �15�. Furthermore, it does not ex-
plain why, among the organisms that replicate sexually, some
employ sexual replication merely as a stress response �such
as Baker’s yeast�, and why others replicate exclusively via
the sexual pathway.

It should be noted here that the issue is not why recom-
bination is beneficial, since genetic recombination occurs at
all biological length scales �16�. The issue is why some or-
ganisms, such as bacteria, replicate asexually �and some-
times exchange genetic material with another�, and why
other organisms, such as humans, replicate via a haploid in-
termediate.

In two recent papers �17,18�, Tannenbaum and Fontanari
developed simple evolutionary dynamics models based on
the sexual stress response in Baker’s yeast. The first paper
assumed a density-independent characteristic haploid fusion
time, while the second assumed second-order haploid fusion
kinetics. In both papers, the general result that emerged was
that sex is favored when the characteristic haploid fusion
time is small compared with the characteristic replication
time. Therefore the results of the models suggested that sex
is favored in slowly replicating organisms, and that, all other
factors being equal, sex is favored at high population densi-
ties.

While the results of these models were broadly consistent
with what is observed biologically, they are unsuitable for
considering additional features of sexual replication, such as
gamete differentiation into sperm and egg, and sex differen-
tiation into male and female. Although many organisms rep-
licate sexually, not all have distinct gametes, and, even
among organisms that produce distinct gametes �the anisoga-
mous organisms�, not all have distinct male and female
sexes. There are therefore presumably different regimes
where the different types of sexual strategies will be advan-
tageous.

The previous two models, because they consider a sexual
pathway whereby a given diploid cell splits into two hap-
loids, do not reflect the fact that most sexually replicating
organisms may continually produce gametes that may re-
combine to produce new organisms. The analogous process
for asexually replicating organisms is sporulation. Therefore
before considering the regimes where asexual replication and
various sexual replication strategies are advantageous, we
first need to develop a formalism for describing the evolu-
tionary dynamics of populations which replicate by produc-
ing either single-celled spores or gametes.

This paper is divided into four sections: In Sec. II, we
develop a model describing asexual replication of organisms
that replicate by producing single-celled spores. In Sec. III,
we consider the analogous process for sexual replication,
where we assume that the gametes fuse via second-order
kinetics. In Sec. IV, we numerically solve for the steady-state
mean fitnesses of the various populations, and determine the
various regimes where the different strategies are advanta-
geous. We find that sexual replication is favored in organisms
that produce offspring at lower rates. The critical offspring
production rate increases as the characteristic organismal
maturation time increases, or as the density of adult organ-
isms increases. Therefore the results of this paper appear to

be broadly consistent with what is observed biologically.
However, based on known scaling laws for organismal matu-
ration times as a function of organism size, it is not clear that
the results of our model imply that sexual replication will be
favored in larger organisms. In Sec. V, we summarize our
conclusions and discuss future research directions. In par-
ticular, we discuss additional modeling that could resolve
this possible inconsistency between our predictions for the
preferred sexual strategy as a function of organism size, and
what is observed biologically.

We should note that the models we develop are
quasispecies-type models. Quasispecies theory has found ap-
plication in a wide range of problems in evolutionary dynam-
ics, including molecular, viral, and bacterial evolution
�19–33� , the immune response �34–36�, and the emergence
of cancer �37–46�. Furthermore, quasispecies theory has
been used to study a number of general aspects of evolution-
ary dynamics that provide insight into a wide range of phe-
nomena in evolutionary biology. These include the emer-
gence of mutational robustness �47–50�, dynamic fitness
landscapes �51,52�, punctuated equilibrium �53�, and finite-
size effects �54–57�. Therefore we believe that the quasispe-
cies formalism is well-suited to studying the selective advan-
tage for various types of replication strategies.

II. ASEXUAL REPLICATION VIA SPORULATION

In this section, we develop the evolutionary dynamics
equations appropriate for describing asexual replication via
sporulation. As discussed in the Introduction, while a model
involving simple binary fission is appropriate for unicellular
organisms, such an approach is inadequate for describing
larger, multicellular organisms. The reason for this is that
asexually replicating larger organisms begin their life cycle
as a single cell. This cell develops into the adult organism,
which then begins to produce single-celled spores at some
rate �see Fig. 1�.

Therefore in order to properly study the regimes where
asexual and various sexual replication strategies are advan-
tageous, we first need to develop equations more appropriate
for the replication dynamics of multicelled organisms.

FIG. 1. �Color online� Illustration of asexual replication via
sporulation. A newly formed, immature organism, grows to adult
size, at which point it produces new immature cells through bud-
ding at some regular rate. The green �dark� rectangle represents a
wild-type chromosome, while the yellow �light� rectangle repre-
sents a mutant chromosome.
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A. Definitions

The asexual replication of an organism �single or multi-
celled� by sporulation is illustrated in Fig. 1. An immature
organism grows to adult size. The adult then produces single-
celled spores by budding. Each of these spores are immature
organisms that then repeat the process and develop into
adults on their own.

For simplicity, we assume that the organisms have diploid
genomes consisting of two chromosomes. The genome of
each organism may then be denoted by ��1 ,�2�, where �1

and �2 denote the respective base sequences of each chro-
mosome �we assume that each chromosome consists of a
single strand of bases, so that a given chromosome � may be
written as �=s1s2¯sL. Here, L is the total sequence length,
and each si is a base which is chosen from an alphabet of size
S, where S=4 for terrestrial life�.

Following standard practice in quasispecies theory, we
make the simplifying assumption that there exists a single
master sequence, denoted �0, for which a given chromosome
is functional. In this single-fitness-peak approximation, any
chromosome ���0 is nonfunctional. A given genome may
therefore be classified by the number of functional chromo-
somes it has, namely zero, one, or two.

A genome with zero functional chromosomes is said to be
of type �u ,u�, where u signifies that a chromosome is unvi-
able. A genome with one functional chromosome is said to
be of type �v ,u�, where v signifies that a chromosome is
viable. A genome with two functional chromosomes is said
to be of type �v ,v�.

We assume that the growth of an immature organism to
adulthood is characterized by a first-order rate constant. We
further assume that this rate constant is genome-dependent,
since different organisms are differently suited to the given
environment, and so will reach maturity at different rates. We
therefore let �vv, �vu, and �uu denote the first-order spore-to-
adult rate constants for the �v ,v�, �v ,u�, and �u ,u� organ-
isms, respectively. Presumably, the �v ,v� organisms, since
they are mutation-free, will have the highest growth rate con-
stant. The �v ,u� organisms, since they have one nondefective
and one defective chromosome, will have an intermediate
growth rate constant. Finally, the �u ,u� organisms, since both
of their chromosomes are defective, will have the lowest
growth rate constant. It is therefore reasonable to assume that
�vv��vu��uu.

We also assume that, once an organism reaches adulthood,
it produces spores at some fixed rate, which is again genome-
dependent. The rates of per-organism spore production for
the various genome types are denoted �vv, �vu, and �uu. As
with the first-order growth rate constants, it makes sense to
assume that �vv��vu��uu. We let nai,xy denote the number
of asexual, immature organisms with genome �x ,y�, and
nam,xy denote the number of asexual, mature organisms with
genome of type �x ,y�.

During the sporulation process itself, the adult organism
replicates each of the chromosomes in the genome. It is as-
sumed that the adult organism retains the original parent
chromosomes, and only the two newly synthesized daughters
�i.e., offspring� segregate into the budding spore. This “im-

mortal strand” mechanism is believed to occur in the adult
stem cells of vertebrates and in budding yeast �58–60�. Since
the spores are being produced by stem cells in the adult, it is
reasonable to assume that a similar mechanism is at work
here as well.

Finally, the replication of each chromosome is not error-
free. We let p denote the replication fidelity, defined as the
probability that a v chromosome produces a v daughter
�equivalently, offspring, as indicated before�. If we neglect
backmutations, then a v chromosome produces a u daughter
with probability 1− p, and a u chromosome produces a u
daughter with probability 1.

B. Mutation-selection equations

The mutation-selection equations governing the evolu-
tionary dynamics of the sporulating population are then
given by

dnam,vv

dt
= �vvnai,vv,

dnam,vu

dt
= �vunai,vu,

dnam,uu

dt
= �uunai,uu,

dnai,vv

dt
= p2�vvnam,vv − �vvnai,vv,

dnai,vu

dt
= 2p�1 − p��vvnam,vv + p�vunam,vu − �vunai,vu,

dnai,uu

dt
= �1 − p�2�vvnam,vv + �1 − p��vunam,vu + �uunam,uu

− �uunai,uu. �1�

We now define nam=nam,vv+nam,vu+nam,uu, so that nam is
simply the total population of mature adults. We then define
all population fractions with respect to this population num-
ber. Specifically, we define the population fractions xaq,rs
=naq,rs /nam, where q=m , i and �r ,s� is the genome type.
Note that, in principle, some of the population fractions can
be greater than 1, since they are not defined with respect to
the total population, but rather with respect to the population
of mature adults.

Changing variables, we obtain

dxam,vv

dt
= �vvxai,vv − �̄a�t�xam,vv,

dxam,vu

dt
= �vuxai,vu − �̄a�t�xam,vu,

dxam,uu

dt
= �uuxai,uu − �̄a�t�xam,uu,
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dxai,vv

dt
= p2�vvxam,vv − ��vv + �̄a�t��xai,vv,

dxai,vu

dt
= 2p�1 − p��vvxam,vv + p�vuxam,vu − ��vu + �̄a�t��xai,vu,

dxai,uu

dt
= �1 − p�2�vvxam,vv + �1 − p��vuxam,vu + �uuxam,uu

− ��uu + �̄a�t��xai,uu, �2�

where �̄a�t�=�vvxai,vv+�vuxai,vu+�uuxai,uu is simply the mean
fitness of the population.

The change of variables from population number to popu-
lation ratio is accomplished in the following manner: Start-
ing with the variable nam,vv, we have that nam,vv=namxam,vv.
Therefore

dnam,vv

dt
= nam

dxam,vv

dt
+ xam,vv

dnam

dt

⇒
dxam,vv

dt
=

1

nam

dnam,vv

dt
− � 1

nam

dnam

dt
�xam,vv. �3�

From the definition of nam, it is readily shown that
�1/nam�dnam /dt=�vvxam,vv+�vuxam,vu+�uuxam,uu= �̄�t�, from
which the expression for dxam,vv /dt given in Eq. �2� imme-
diately follows. The other population ratio equations are de-
rived similarly.

C. Steady-state mean fitness

We may solve for the steady-state of this system of equa-
tions analytically. To begin, we first assume that �uu=0. This
simplification derives from the logical assumption that an
organism with two defective chromosomes cannot grow. Al-
though it makes sense that an organism with two defective
chromosomes cannot grow, we did not assume this explicitly
in deriving the equations governing the evolutionary dynam-
ics of the population. The reason for this is that, in the single-
fitness-peak model often used in standard quasispecies
theory, it is assumed that organisms with defective genomes
can replicate, albeit more slowly than the wild-type organ-
isms. If we wish our two-chromosome model to be analo-
gous to the earlier single-chromosome models, then we must
derive the dynamical equations without making any a priori
assumptions about �uu. Nevertheless, as we have already
stated, from now on we will work with the logical assump-
tion that �uu=0.

With the assumption that �uu=0, the first three equations
give, at steady state, that

xai,vv =
�̄a�t = � �

�vv
xam,vv,

xai,vu =
�̄a�t = � �

�vu
xam,vu,

xam,uu = 0, �4�

so that

0 = �p2�vv�vv − ��vv + �̄a�t = � ���̄a�t = � ��xam,vv. �5�

If xam,vv�0, then we have

�̄a�t = � �2 + �vv�̄a�t = � � − p2�vv�vv = 0, �6�

so that

�̄a�t = � � = �̄a,1�t = � � =
1

2
�− �vv + 	�vv

2 + 4p2�vv�vv� .

�7�

If xam,vv=0, then we have

0 = �p�vu�vu − ��vu + �̄a�t = � ���̄a�t = � ��xam,vu, �8�

so, if xam,vu�0, then we have

�̄a�t = � � = �̄a,2�t = � � =
1

2
�− �vu + 	�vu

2 + 4p�vu�vu� .

�9�

Based on a stability analysis of the possible steady states,
it is possible to show that the actual value of �̄a�t= � � is
given by max��a,1�t= � � ,�a,2�t= � ��, where �a,1 and �a,2 are
defined in Eqs. �7� and �9�, respectively.

We now also assume that �vv��vu and that �vv��vu,
which makes sense, since we presume that an organism with
no defective chromosomes grows more quickly and can pro-
duce spores more quickly than an organism with two defec-
tive chromosomes. Therefore, since by differentiating with
respect to x and y we can see that −x+	x2+xy is an increas-
ing function of x and y, it is readily shown that �̄�t= � �
= �̄a,1 at p=1. The value of �̄�t= � � becomes �̄a,2 at p
= pcrit defined by the condition �̄a,1�t= � �= �̄a,2�t= � �. Below
this replication fidelity, the effective growth rate of the �v ,v�
genomes is no longer competitive with that of the �v ,u� ge-
nomes, and the result is the disappearance of the �v ,v� ge-
nomes from the population �a phenomenon termed the error
catastrophe� �19–34,37–45,50–52,54–57� .

III. SEXUAL REPLICATION

In this section we consider a sexual replication pathway,
whereby a given diploid spore splits into two haploids,
which may then fuse with other haploids in the population.

A. Definitions

In the sexual replication model being considered here, a
mature diploid with genome �v ,v� produces smaller diploid
spores at a rate given by �vv. These diploid spores then di-
vide into two haploid intermediates. The haploids of type v
may then recombine with each other to form an immature
diploid of type �v ,v�, which then grows to a mature diploid
and begins the cycle again. This process is illustrated in Fig.
2. We should note that the haploids essentially enter a hap-
loid pool where haploid fusion occurs. Therefore while it is
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possible for a haploid to fuse with a haploid from the same
parent, in general this is statistically unlikely in any suffi-
ciently large population.

In this model, we assume that only the v haploids may
recombine with one another. Essentially, the u haploids are
defective and cannot participate further in the replication
process. We assume that the haploid fusion rate is described
by second-order kinetics characterized by a rate constant �.
We also assume that the haploids have a finite lifetime in the
population, and decay with a first-order rate constant �h. The
assumption of second-order kinetics for the haploid fusion
rate comes from viewing the haploid fusion as a binary col-
lision process. At the simplest level of modeling, chemical
reaction rate theory then predicts a second-order rate expres-
sion.

The assumption of first-order kinetics for the haploid de-
cay process is the simplest model possible given that the
haploids decay independently of one another, and given that
the haploids have an average lifetime within the population.

Because only viable haploids can recombine, the only
diploids in the population are immature and mature diploids
of type �v ,v�. We let nsi,vv, nsm,vv denote the number of im-
mature and mature diploids of type �v ,v�, respectively. We
also let nv denote the number of viable haploids in the popu-
lation.

B. Mutation-selection equations

For a haploid fusion rate governed by second-order reac-
tion kinetics, the equations governing the evolutionary dy-
namics of the population are given by

dnsm,vv

dt
= �vvnsi,vv,

dnsi,vv

dt
=

1

2

�

V
nv

2 − �vvnsi,vv,

dnv

dt
= 2�vvpnsm,vv −

�

V
nv

2 − �hnv, �10�

where V denotes the system volume in which the organisms
are present.

The factor of 1 /2 in the second equation comes from the
fact that we take � to be defined in such a way that �� /V�nv

2

is the rate of disappearance of haploids due to haploid fusion.
Since two haploids produce one diploid spore, the result is
that the rate of spore production is given by 1/2 the rate of
haploid disappearance due to haploid fusion.

As another point of clarification, the factor of 2 in the
third equation comes from the fact that when a mature or-
ganism produces a diploid spore, the spore immediately di-
vides to form two haploids. As a result, since �vvnsm,vv is the
rate of production of diploid spores from mature organisms,
the rate of production of haploids is given by 2�vvnsm,vv.
Now, each haploid contains a single chromosome that is the
daughter of a parent chromosome of type v in the mature
organisms genome. Since the probability that a v parent pro-
duces a v daughter is p, the fraction of v haploids produced
is simply p, and so the overall rate of production of v hap-
loids is simply 2�vvpnsm,vv.

In this model, we assume that the system volume changes
in such a way as to maintain a constant density 	 of mature
diploids �they are the fully grown organisms, so the total
volume is dictated by the number of mature diploids
present�. We also define all population fractions with respect
to the mature diploids, so that xsi,vv
nsi,vv /nsm,vv, and xv

nv /nsm,vv.

In terms of the population fractions, we have

dxsi,vv

dt
=

1

2
�	xv

2 − ��vv + �̄s�t��xsi,vv,

dxv

dt
= 2�vvp − �	xv

2 − ��h + �̄s�t��xv, �11�

where the mean fitness �̄s�t�= �1/nsm,vv�dnsm,vv /dt=�vvxsi,vv.
Note that we do not need to include an equation for xsm,vv,
since by definition xsm,vv=1. The change of variables from
population number to population ratio is accomplished in a
similar manner to the asexual case.

C. Steady-state mean fitness

Using the relationship between �̄s�t� and xsi,vv, we obtain
the steady-state equations

0 =
1

2
�	xv

2 − �1 +
�̄s�t = � �

�vv
��̄s�t = � � ,

0 = 2�vvp − �	xv
2 − ��h + �̄s�t = � ��xv. �12�

The first equation may be solved for xv, giving

FIG. 2. �Color online� Illustration of sexual replication. A newly
formed, immature organism, grows to adult size, at which point it
produces new immature cells through budding at some regular rate.
The immature cells immediately divide into haploid intermediates.
The haploids may then recombine with other haploids to form new
immature diploids, which then repeat the cycle. The green �dark�
rectangles represent the wild-type chromosomes, while the yellow
�light� rectangles represent the mutant chromosomes.

ASEXUAL AND SEXUAL REPLICATION IN SPORULATING… PHYSICAL REVIEW E 76, 021909 �2007�

021909-5



xv =	2�1 +
�̄s�t = � �

�vv
� �̄s�t = � �

�vv

�	

�vv

. �13�

Plugging into the second equation, and rearranging, we
obtain

1

2

�vv

�	
=

��vv

�vv
p − �1 +

�̄s�t = � �
�vv

� �̄s�t = � �
�vv

�2

� �h

�vv
+

�̄s�t = � �
�vv

�2�1 +
�̄s�t = � �

�vv
� �̄s�t = � �

�vv

.

�14�

If we assume that �vv / ��	�→0, then we obtain

0 = � �̄s�t = � �
�vv

�2

+
�̄s�t = � �

�vv
− p

�vv

�vv
, �15�

which may be solved to give

�̄s�t = � � =
1

2
�− �vv + 	�vv

2 + 4p�vv�vv� . �16�

Note that, at least in the limit of �vv /�	→0, we have
�̄s�t= � ���̄a�t= � �, with equality only occurring at p=0,1,
or if �vv=�vu and �vv=�vu. Therefore in the model being
considered here, sexual replication outcompetes asexual rep-
lication when the cost for sex �as measured by the ratio of the
characteristic haploid fusion time to the characteristic growth
time� is negligible. This is an encouraging result because it
reveals a basic selective advantage due to sex even in a
highly simplified model. For completeness, a comparison of
sexual and asexual replication in the limit where the cost for
sex is negligible is given in Fig. 3.

IV. COMPARISON OF THE VARIOUS REPLICATION
MECHANISMS

The relative sizes of the steady-state mean fitnesses for
the asexual and sexual populations dictate the dominant

strategy for a given set of parameters. The reason for this is
that the steady-state mean fitness is the first-order growth
rate constant for a given population. Therefore given two
populations employing two distinct replicative strategies, the
population with the larger mean fitness will steadily increase
its overall population fraction and eventually drive the other
population to extinction.

We may numerically solve for the mean fitness of the
sexual replication mechanism, and compare the values of
�̄a�t= � � /�vv and �̄s�t= � � /�vv. We choose to divide the
mean fitnesses by �vv, since this corresponds to a transfor-
mation to a dimensionless system of units in which the first-
order growth rate constant of the �v ,v� organisms is simply
1.

For simplicity, we assume that �h=0. This means that we
are assuming that the haploids do not decay. This is a sim-
plifying assumption that facilitates an initial analysis of our
model. It should be noted that because we assume that hap-
loids do not disappear from the population except through
fusion, the assumption that �h=0 maximizes the parameter
regime for which sexual replication is advantageous.

In this case, the steady-state mean fitness of the sexual
population is obtained by solving

1

2

�vv

�	
=
��vv

�vv
p − �1 +

�̄s�t = � �
�vv

� �̄s�t = � �
�vv

�2

� �̄s�t = � �
�vv

�3�1 +
�̄s�t = � �

�vv
� �17�

so that �̄s�t= � � /�vv depends only on �vv /�	 and �vv /�vv
for a given value of p.

It should be noted that �vv /�	 measures the cost for sex
in this model because this quantity measures the ratio of the
characteristic haploid fusion time �
1/�	� to the character-
istic maturation time �
1/�vv�.

The asexual mean fitness is given by Eqs. �7� and �9�,
which, when normalized by �vv, gives �̄a�t= � � /�vv
=max��̄�t= � �a,1 /�vv , �̄�t= � �a,2 /�vv�, where

�̄a,1�t = � �
�vv

=
1

2
�− 1 +	1 + 4

�vv

�vv
p2� ,

�̄a,2�t = � �
�vv

=
1

2
��− 1 +	1 + 4

�

�

�vv

�vv
p� , �18�

where we have defined �=�vu /�vv and �=�vu /�vv.
For a given p we can determine, as a function of �vv /�vv,

the value of �vv /�	 at which the sexual and asexual mean
fitnesses are equal. This curve defines the boundary separat-
ing the regimes of dominance for the two strategies. A
sample curve is illustrated in Fig. 4.

We can analytically determine the behavior of this curve
in both the low and high �vv /�vv regimes. First, when
�vv /�vv is small, then we have

�̄a,1�t = � �
�vv

=
�vv

�vv
p2,

p

FIG. 3. �Color online� Comparison of the sexual �top line� ver-
sus asexual mean fitness �bottom line� in the limit 	→�. We chose
�vv=1, �vu=0.5, �vv=10, and �vu=5.
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�̄a,2�t = � �
�vv

=
�vv

�vv
�p , �19�

and so, in any event, we have �̄a�t= � � /�vv= ��vv /�vv�p,
where =� , p.

Now, since we wish to determine the value of �vv / ��	� at
which the sexual and asexual mean fitnesses are equal, we
simply use the value of �̄a�t= � � /�vv for �̄s�t= � � /�vv in Eq.
�17�. Since we are assuming �vv /�vv is small, we can drop
all higher-order terms in the numerator and denominator ex-
pressions, giving

�vv

�	
= 2

�1 − �2

3p
��vv

�vv
�−1

. �20�

Now, when �vv /�vv is large, then we have

�̄a,1�t = � �
�vv

= p	�vv

�vv
,

�̄a,2�t = � �
�vv

= ����1/2p1/2	�vv

�vv
, �21�

and so, in any event, we have �̄a�t= � � /�vv
= p1/2��vv /�vv�1/2, where = p1/2 ,	��. Following a similar
procedure to the one used for small �vv /�vv �only this time
we drop the lowest-order terms since �vv /�vv is large�, we
obtain that the asexual and sexual mean fitnesses are equal
when

�vv

�	
= 2� 1

2 − 1�2

. �22�

We therefore find that, at low sporulation rates, the cost
for sex, as measured by �vv /�	, must be made steadily larger
as �vv /�vv decreases in order for the asexual strategy to re-
main competitive with the sexual one. As illustrated in Fig.
4, this pattern indeed holds at all values of �vv /�vv. The
large �vv /�vv behavior of this model also shows that, once
the cost for sex drops below a critical value, given by
2�1/2−1�2, then sexual replication is the dominant strategy
for all values of �vv /�vv.

These results may be understood as follows. As the sporu-
lation rate �vv drops, the time interval between the produc-
tion of diploid spores increases. Therefore the additional fit-
ness penalty incurred by having the diploid spores split and
pay a time cost in finding other haploids with which to fuse
decreases. The result is that the cost for sex has to be pushed
to higher values before the strategy becomes disadvanta-
geous.

It is also interesting to note from the small �vv /�vv ex-
pression for the critical value of �vv /�	 that, as p decreases,
the critical cost for sex increases. This makes sense since, as
the replication fidelity p drops, the benefit of sexual recom-
bination increases as well.

Therefore the results of this model suggest that, in the
case of multicellular organisms that replicate via the produc-
tion of unicellular spores �or gametes, in the case of sexual
organisms�, sexual replication is favored in organisms that
sporulate slowly. This is essentially equivalent to the state-
ment that sexual replication is favored in organisms that pro-
duce few offspring. For such organisms, the time cost asso-
ciated with haploid fusion is comparatively small, and so it
makes sense to replicate via a mechanism that provides the
few offspring produced with the highest possible survival
probability.

Furthermore, as the maturation time of the organisms in-
creases, or, as the population density 	 increases, the sexual
strategy becomes advantageous as well. Again, this makes
sense, since both an increased maturation time and an in-
creased population density reduce the time cost associated
with sex, thereby leading to a selective advantage for the
sexual replication strategy.

V. CONCLUSIONS AND FUTURE RESEARCH

This paper developed models describing asexual and
sexual replication in sporulating organisms. Such models are
necessary for studying the selective advantages of asexual
and sexual replication strategies in multicellular organisms.

Under the assumption of second-order haploid fusion ki-
netics, we found that sexual replication is favored at low
sporulation rates, or equivalently, at low offspring numbers,
long organism maturation times, and high population densi-
ties. These results make sense, since low offspring numbers,
long organism maturation times, and high population densi-
ties all reduce the effective time cost associated with sex. In
particular, for organisms that produce relatively few off-
spring, it makes sense to invest a comparatively small cost in
sex and thereby maximize the survival probability of each
child.

While the results of this paper appear to be consistent
with actual behavior, a difficulty that arises is in correlating

0 1 2
0

100

FIG. 4. Regimes for the selective advantage for asexual replica-
tion and sexual replication with second-order haploid fusion kinet-
ics. The “Exact” curve shows the numerically computed boundary,
the “Small �vv /�vv asymptote” curve shows the small �vv /�vv
form of the boundary, and the “Large �vv /�vv asymptote” curve
shows the large �vv /�vv form of the boundary �if we were to extend
the curve all the way out to �vv /�vv=1000, the large �vv /�vv curve
and the numerically exact curve would be seen to more or less
coincide�. We took �=�= p=0.5.
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preferred replication strategy with organism size. It is be-
lieved that the maturation time of an organism goes as N1/4,
where N is the number of cells in the adult organism �61,62�
�there is some controversy as to whether the exponent is
closer to 1/4 or 1 /3 �63,64�. The argument that follows is
unaffected in either case�. Therefore as a function of N, we
expect �vv to scale as N−1/4. The population density of adults,
however, should scale as 1/N, giving �vv /�	
N3/4. There-
fore the cost of sex goes to � as N→�, and so, from the
small �vv /�vv criterion, we obtain that �vv /�vv
N−3/4 for
large N, so that �vv
1/N. Therefore as organism size in-
creases, the rate of sporulation must scale as the reciprocal of
the organism size. This rate of decrease appears to be much
too rapid to allow for the predominance of sex as the pre-
ferred replication strategy of larger organisms.

To hopefully resolve this issue, future research will study
the effects of mobile gametes on haploid fusion rates. In this
vein, gamete differentiation �sperm/egg� and sex differentia-
tion �male/female� will be studied as well. It is possible that,
as organism size increases, these replication strategies reduce
the time cost for sex to a sufficient amount that sex does
indeed emerge as the preferred replication strategy for larger
organisms. While important work on gamete differentiation
has been done by Dusenbery �65–67�, a determination of the
regimes where the various sexual replication strategies and
asexual replication are advantageous has not yet been done.

Another important factor that will need to be considered
is death. Thus far, our models do not assume that organisms

eventually die. The neglect of this phenomenon could lead to
an unrealistically large regime where asexual replication is
dominant, though it is of course not yet clear if this is the
case.

Finally, a key assumption of our model is that the sexual
organisms release gametes continuously. In reality, sexually
replicating organisms generally store up gametes for a cer-
tain period, and then, during a mating season, collectively
release these gametes into the surroundings �we are consid-
ering organisms that replicate in aqueous environments for
this analysis�. Thus, although the gamete production rate
may be low, during these brief periods when massive num-
bers of gametes are rapidly released, the rate of haploid fu-
sion is fast, thereby reducing the time cost associated with
sex. This reduction in time cost could be quite large, which
could significantly increase the size of the regime where the
sexual strategy is dominant. In this case, a weaker depen-
dence of �vv on N may be necessary to ensure the selection
for a sexual strategy, so that we do indeed obtain that sexual
replication is preferred as organism size grows.
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